In the paper [1], the geometrical mapping techniques based on Non-Uniform Rational B-Spline (NURBS) were introduced to solve an elliptic boundary value problem containing a singularity. In the mapping techniques, the inverse function of the NURBS geometrical mapping generates singular functions as well as smooth functions by an unconventional choice of control points. It means that the push-forward of the NURBS geometrical mapping that generates singular functions, becomes a piecewise smooth function. However, the mapping method proposed is not able to catch singularities emerging at multiple locations in a domain. Thus, we design the geometrical mapping that generates singular functions for each singular zone in the physical domain. In the design of the geometrical mapping, we should consider the design of control points on the interface between/among patches so that global basis functions are in 0 C space. Also, we modify the B-spline functions whose supports include the interface between/among them. We put the idea in practice by solving elliptic boundary value problems containing multiple singularities. Journal of Applied Mathematics and Physics merical method by using both Fredholm integral equation method and the weighted residual method was introduced in [3]. Numerical methods based on Galerkin approximation such as the finite element methods, boundary element methods, and meshless method were also applied to solve them [3]-[10].
Introduction
It has been introduced to solve multiple crack problems by using various numerical methods. First, converting the multiple crack problems into Fredholm integral equation using two elementary solutions was introduced in [2] . A nu-How to cite this paper: Kim tegrals whose integrand is involved both B-spline function from the singular mapping and NURBS function from the NURBS geometrical mapping, is an additional work. Also, the conditional number of the stiffness matrix could be an issue for the enriched IGA. In order to alleviate these problems, we design the geometrical map having multiple singularities by using the singular mappings only. To do that, we divide the physical domain into multiple patches which may have a singularity for each, and then design the geometrical maps by the mapping methods for each patch having a singularity. Here, we consider the design of control points on the interface between/among patches. Because this is related to the smoothness of the global basis functions. Also, we modify the B-spline functions whose supports include the interface between/among them due to the compatibility condition. In this paper, the potential of the mapping method proposed with multiple patches regarding to handling the multiple fatigue-cracks propagation in various types of plate will be shown by solving the elliptic boundary value problems with multiple singularities or cracks.
In Section 1 and 2, we briefly review definitions and terminologies that are used throughout this paper. We follow those in the book [12] , and we thus refer to these texts for details. And then we introduce the mapping method that generates singular functions by using B-spline or NURBS in Section 3. In Section 4, we introduced the patchwise mapping method by solving elliptic boundary value problems containing multiple singularities. Finally, the conclusions is in Section 5.
Nomenclature
In this section, we introduce B-spline, NURBS, and design geometrical mappings referring to [12] . 
B-Splines

Nonuniform Rational B-Spline (NURBS)
In this section, we review the non-uniform rational B-splines (NURBS), NURBS curve and surface, and primary properties of NURBS.
NURBS Curve
A pth-degree NURBS curve is defined by 
NURBS Surface
A NURBS surface of degree p ξ in the ξ direction and degree p η in the η direction is a bivariate vector-valued piecewise rational function of the form
, , 
Introducing the piecewise rational basis functions 
Weak Solution in Sobolev Space
Let Ω be a connected open subset of d  . We define the vector space to consist of all those functions φ which, together with all their partial derivatives ( )
, are continuous on 
where  is a continuous bilinear form that is  -elliptic ( [13] ) and  is a linear functional. The solution to (5) is called a weak solution which is equivalent to the strong (classical) solution corresponding elliptic PDE whenever u is smooth enough. The energy norm of the trial function u is defined by 
Variational Formulation of Equilibrium Equations of Elasticity
In elasticity, the displacement field is denoted by { } ( ) ( )
respectively, where [ ] D is the differential operator matrix, (7) . Then we consider the following system of elliptic differential equations in terms of the displacement field,
∈ Ω (9) subject to the boundary conditions, For the Galerkin approximation to the equilibrium equations in terms of the displacement field (9), the variational form of (9) through (10) is:
The finite element approximation of the solution of (11) is to construct approximations of each component of the vector { } u .
Mapping Method
We introduce a geometrical mapping from the parameter space
B-Spline Curves That Generates Singular Basis Functions
In particular, we first show how a B-spline curve ( ) [ ] [ ]
Here, 
, where k′′ is an integer greater than or equal to k′ and , i k N ′′ are the Bernstein polynomials (B-spline functions) of degree 1 k′′ − and contain the following singular as well as smooth functions:
In other words, the geometrical mapping F is able to generate the singulari-
For example, if 2 p η = , then the Bernstein polynomials of degree 2 are ( ) ( ) 
NURBS Surface That Generates Singular Basis Functions
The argument which is the construction of geometrical mapping that generates singular basis functions, can be extended to NURBS surface from the parameter
To end this, we construct a NURBS surface to deal with monotone singularity of type
, r θ is the polar coordinates. the construction of the NURBS surface from Ω to the unit disk in [1] is generalized in this section. We refer to this reference for the details.
We now consider a NURBS surface from the parameter space Ω to the physical domain Ω . Consider the knot vectors: 0, , 0, , , ,1, ,1 , 0, 0, , 0,1,1, ,1 .
Let m and m′ be the number of knots in the knot vectors U ξ and U η , respectively. Also, let k and k′ be 1 p ξ + and 1 p η + , respectively. Here, if the function to be approximated has a singularity of type Table 1 . We now construct a NURBS surface from the parameter space Ω onto Ω as follows:
, ,
. 
, . 
We employ the lemma below from Chapter 3 in [12] in order to determine 
Applying the lemma 1 into (21), we have
The derivative of the total weight function ( )
, W ξ η , also, can be described in detail by substituting the Bernstein polynomial into
Numerical Example of Mapping Method for Solving an Isotropic Elasticity Containing Single Singularity
The mapping method proposed was implemented in the paper [1] , and the paper showed that the mapping technique using NURBS geometrical mappings constructed by an unconventional choice of control points are effective for numerical solutions of elliptic boundary value problems containing a single singularity. In this subsection, we solve an elastic problem containing a singularity to show that the proposed method is also applicable to implement elastic problems.
Throughout this paper, we measure the error ( ) 
in a sector of the unit circle whose the central angle is 270˚, plane strain isotropic elastic body, we consider that the following analytic stress field, r φ θ along the radial direction on the L Ω in Figure 4(a) .
In order to enrich the NURBS or B-spline basis functions without failing the structure of the mapping technique, we employ refinements [14] , [15] in the NURBS functions which are used to design the physical domain as depicted in Figure 4 (a). In particular, we use p-refinement to enrich the basis functions corresponding to both the open knot vectors (24) and (23). Note that inserting new knots to increase the number of basis functions along the η -direction may cause malfunction regarding the production of singular functions [11] . and Figure 4 (c) show that the proposed mapping method captures the singularity effectively, and follows the theoretical results in [1] . Figure 5 exhibits the relative errors of the strain energy of the stress field.
Patchwise NURBS Mapping Method for Solving Elliptic Boundary Value Problems Containing Multiple Singularities
In the case of that a physical domain contains multiple cracks, we re-design the show that the patchwise mapping method is effective in dealing with a problem containing multiple singularities.
First, We apply the mapping method for the elliptic boundary value problems with multiple singularities of type 
Patchwise NURBS Mappings and Interfaces
In Example 1, we divide the physical domain into three patches: In the design mappings, we observe the following:
1) We employ control points and weights from Example 5.3 in [1] to build 1,1 F , and primary control points are shown in Figure 6 (a).
2) We design the NURBS geometrical mapping ( ) 
using the control points as depicted in Figure 6(b) .
3) Using the affine transformation we define
In Figure 6 , the quasi-physical patch is a physical patch translated. , F ξ η from the parameter space 1, 3 Ω to 1,3 Ω .
Construction of Global Basis Functions over Interfaces and Approximation Space
Now, we construct an approximation space by using B-spline functions which were used in the design mapping 1,i F . First, we consider connectivity among B-spline functions defined on different patches and are nonzero along the interface as depicted in Figure 7 an interface between two different patches, we merge two B-spline local basis functions defined on different patches that have the same nonzero value on the interface between the two patches. In Figure 8 Figure 9 shows the relative errors (%) versus DOFs. In Figure 9 (a) and Table   4 , we enrich the set of basis functions by p-refinement and increase the degree of polynomial p ξ and p η up to 14. The DOF is 3061 when 15 p p
We can see that the proposed mapping method is effective to capture multiple singularities as well as a single crack or singularity. 
u solves the following elliptic boundary value problem: In Example 2, we divide the unit disk into three sectors 2, , 1, 2, 3 i i Ω = including each crack as depicted in Figure 7(b) . functions defined on different patches that are nonzero along the interface as depicted in Figure 7 (b). Figure 11 shows the order of the index t of [ ] ( ) Table 5 show that the relative errors (%) in the maximum norm, the 2 L -norm, and the energy norm of the computed solution for equation (31). We can see that the relative errors in the maximum norm and 2 L -norm decrease exponentially, and the error in the energy norm decrease almost linearly. In Figure 9 (b), we enrich the basis by p-refinement along ξ and η -directions, and the number of degrees of freedom and the degree of polynomial were increased up to 14 and 4915, respectively. Figure 12 (a) and Figure 12(b) show the graph of the computed solution of Equation (26) and (31), respectively.
Conclusions
In this paper, the physical domains of the elliptic boundary value problems containing multiple singularities, were re-designed by the patchwise mapping methods. In the patchwise mapping method, the construction of the approximation space is different from that in the conventional mapping method [16] due to the use of multiple singular functions.
One of the advantages of the patchwise NURBS mapping method including the NURBS mapping technique is to not only generate singular functions but also preserve the properties of IGA. The properties are the followings [15] : 1) The capability of more precise geometric representation of complex objects than conventional Finite Element Methods.
2) Mesh refinement without altering the geometry throughout the refinement process.
Thus, we expect that the patchwise mapping method will be effective for H. Kim Journal of Applied Mathematics and Physics dealing with multiple curved [17] , angled, branched, or radiating cracks. Also, the proposed method can be applied to compute the stress intensity factor and energy release rate in the plate theory [18] [19] . These will be introduced in the subsequent paper.
On the other hand, the drawback of the mapping method is that it is not eligible to use control points and weights imported from Computer Aided Design (CAD) whereas the conventional IGA is available. To overcome this drawback, the approximation space of the standard IGA can be enriched by the mapping method to deal with singularities [11] . The enrichment of IGA by the mapping method is more practical because there are several advantages in the view of engineering designers and IGA users. First, the original design mapping is not needed to be changed. The enriched NURBS approximation space in IGA can generate singular functions through the proposed mapping method on a singular zone. In the mapping method, kand h-refinement do not produce optimal results. But k-refinement is applicable in the space of NURBS basis in the enriched IGA for improved computational solution. So the enriched IGA for multiple singularities or cracks would be the future work.
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